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A labeled k-dimensional tree, or simply a k-tree, can be defined either by a 
k-dimensional simplicial complex satisfying certain tree-like conditions or by a 
graph constructed recursively by adding a sequence of new vertices to smaller 
k-trees. A k-dimensional R~nyi tree is then defined as a k-tree rooted at a given 
block. C. R~nyi and A. R~nyi were the first to find a combinatorial correspondence 
between the set of k-dimensional R6nyi trees on {1,2 ..... n} and the set of 
admissible sequences of n -k -  1 k-subsets of { 1, 2, ..., n}. In this paper, we give a 
representation f a R6nyi tree by a doubly labeled tree which is a labeled rooted 
tree with some vertices having additional labels; then we show that any doubly 
labeled tree can be uniquely decomposed into a forest of small trees in which some 
vertices may have additional labels, where a small tree is a rooted tree of height 
one. As a consequence of this decomposition, it immediately follows a coding algo- 
rithm for R~nyi trees. We also discuss some applications of our bijections. © 1993 
Academic Press, Inc. 
1. INTRODUCTION 
The not ion  of  k -d imens iona l  trees, or s imply k-trees, was first in t roduced 
by Harary  and Pa lmer  [8 ]  as a natura l  genera l izat ion of the not ion  of 
o rd inary  (one-d imens iona l )  trees. A k-tree can be defined either as a 
k -d imens iona l  s impl ic ial  complex  satisfying certain tree-l ike propert ies or  
as a graph const ructed through certain procedure.  We shall fo l low the 
second po int  of v iew to regard a k-tree as a graph. Other  character izat ions 
of k-trees can be found in [3 ] ,  [14]  and [15] .  In this paper,  we are main ly  
concerned  with labeled k-trees rooted  at a given b lock and we call them 
R6nyi trees. For  convenience,  we call a complete  graph with k vertices a 
k-complete graph and call a k -complete  subgraph in a k-tree a k-block. 
Then we may construct ive ly  define a R6nyi tree on {1, 2 .... , n} rooted  
at the b lock R = {n-  k + 1, n -  k + 2 ..... n} by the fo l lowing procedure.  
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1. Start with the complete graph on R={n-k+l ,n -k+2 .... ,n}, 
and denote it by G. 
2. Choose a k-complete graph H in G. Then find a vertex v in 
{1, 2, ..., n -k}  which is not in G and join v to every vertex in H. We shall 
call v a child of the block H, and H the father of v. 
3. Repeat he above procedure until all vertices in { 1, 2 ..... n - k } are 
joined into G. 
For example, the graph shown in Fig. 2.2a of the next section is a 
3-dimensional R6nyi tree with 10 vertices. It can be shown that for any 
R6nyi tree T rooted at block R, we can always construct a R6nyi tree T' 
by choosing any k-block in T as the new root block. Therefore, the under- 
lying graph of a R6nyi tree is independent of the choice of the root block. 
This leads to the concept of unrooted labeled k-dimensional trees. It is easy 
to see that there are n -  k (k + 1)-complete graphs and k(n- k)+ 1 k-com- 
plete graphs in a labeled unrooted k-dimensional tree. Therefore, we have 
k(n- k) + 1 choices to obtain a rooted k-tree based on an unrooted k-tree 
by specifying a k-complete graph as the root. Let Rk(n) be the number of 
k-dimensional R6nyi trees on n vertices, and Tk(n) be the number of 
unrooted k-trees on n vertices. Then the above observation yields the 
identity 
[k(n-k)+ l] Tk(n)=(nk)Rk(n). (1.1) 
The following formula for T~(n) was first obtained by Beineke and 
Pippert [2]: 
Tk(n)=( n)k [k(n-k)+ 1] n-k-2 (1.2) 
A different proof of the above formula was given by Moon [-9] and other 
proofs of (1.2) for 2-trees can be found in [1] and [11]. From (1.1) and 
(1.2), it follows that 
Rk(n) = [k(n-k)+ 1] "-k-1.  (1.3) 
There are several indications that as far as enumeration is concerned, the 
structure of rooted trees is more natural than that of unrooted trees, for 
example, from the points of view of Lagrange inversion, functional digraph, 
and our recent algorithm about small tree decomposition of SchrSder trees. 
It is not surprising that this is also the case for k-trees. In other words, 
R6nyi trees are more natural than unrooted k-trees. C. R6nyi and A. R6nyi 
were the first to find a bijective proof of (1.3) by representing a R6nyi tree 
on {1,2 ..... n} by a sequence B1B2...B, k+l, where B i is a subset of 
{1, 2, ..., n} for any i. Their bijection is an extension of the celebrated 
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Prfifer correspondence. However, the main difficulty of their approach lies 
in the fact that not all sequences B1Bz . . .B  n k ~ are possible codes of 
R6nyi trees. Therefore, a criterion to single out the admissible sequences i
necessary. As is pointed out by Greene and Iba [7], R6nyis' condition for 
admissibility is rather complicated and it is hard to generate all the Rbnyi 
trees according to some degree conditions. An improvement of the R6nyi 
code was given in [7] for a more general class of trees which resolved the 
admissibility problem. Other bijective proofs have been found by Egecioglu 
and Shen [5], and by Foata [6]. 
The objective of this paper, suggested by Gian-Carlo Rota, is to establish 
a correspondence b tween R6nyi trees and certain kinds of partitions by 
generalizing our recent algorithm for decomposing a rooted tree into a 
forest of small trees, where a small tree is a rooted tree of height one. As 
an immediate consequence of this correspondence, we can easily encode a 
k-dimensional R6nyi tree by a sequence of length n-k -1  over an 
alphabet of k(n -k )  + 1 elements. Some applications of our bijections are 
also discussed. 
2. DECOMPOSITION OF RI3NYI TREES 
With a construction similar to that given by Greene and Iba [7], we 
give a representation of a R6nyi tree by an ordinary labeled rooted tree 
with some vertices marked by integers in addition to their original labels. 
In other words, a doubly labeled tree can be regarded as a labeled rooted 
tree in which some vertices are colored. 
DEFINITION 2.1 (Doubly Labeled Trees). A k-dimensional doubly 
labeled tree T is a labeled tree rooted at a special vertex R such that every 
vertex v is marked by an integer i (1 ~< i<~k) if v is neither the root nor a 
child of the root. 
For a finite set V, we use Kv to denote the complete graph on V. We 
recall that a leaf of a Rbnyi tree T is a vertex v which is joined to only one 
k-complete graph and that any vertex in the root block is never regarded 
as a leaf even if it is joined to exactly one k-complete graph. The following 
proposition shows that the concept of doubly labeled trees is equivalent to 
that of R6nyi trees. The explicit bijection is spelled out in the proof. 
PROPOSITION 2.2. There is a bijection between k-dimensional ROnyi trees 
on n vertices and k-dimensional doubly labeled trees on n - k + 1 vertices. 
Proof Let Tbe  a R6nyi tree on (1,2,.. . ,n} rooted at the block R= 
{n -- k + 1, n - k + 2 ..... n}. Consider the procedure of constructing T from 
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the k-complete graph on R. Let U= {ul, u2, ..., u, be the set of all children 
of R in T, namely, each u; is joined to every vertex in R. Now let G be the 
initial R6nyi tree with root R altogether with all its children. Then other 
vertices of T must be added successively as follows. First of all, there must 
be a vertex v joining some ui and k -  1 vertices in R, or equivalently, v
must miss exactly one vertex in R, say w. Let w be the j smallest vertex in 
T. It is obvious that we may retrieve the vertex w which is not joined to 
v through the mark j on v. Therefore, we can recover the set of vertices 
joined to v by the mark j. Now mark the vertex v by the number j and join 
v to the vertex ui in G, and still denote the resulting marked rooted tree 
by G. 
If there are more vertices in T, then there must be a vertex v in T which 
is joined to a leaf u of G. In a R6nyi tree, every vertex except for the root 
is joined upward to a unique k-complete graph just like an ordinary rooted 
tree for which every vertex except for the root is covered by a unique ver- 
tex. Inductively, we may assume that G represents a R6nyi tree T'. Suppose 
u is joined upward to a k-complete graph on W. Then v must be joined to 
k -  1 of the k vertices in W, or equivalently, v misses exactly one vertex in 
W. By a procedure similar to that of adding a vertex, described in the 
previous paragraph, we may mark the vertex v by an integer 1 ~< j~< k to 
indicate the missing vertex in W. Then we-may join v to u in G and mark 
v by j, as illustrated by Fig. 2.1. 
If we continue the above procedure, we may eventually obtain a doubly 
labeled tree G with root block R. By treating R as the special root of G, 
we then get a doubly labeled tree on n -  k + 1 vertices. | 
EXAMPLE 2.3. The graph (a) in Fig. 2.2 is a 3-dimensional R6nyi tree 
with 10 vertices, and the tree (b) is its doubly labeled tree representation. 
The R6nyi tree represented in Fig. 2.2 enables us to decompose a R6nyi 
tree into a forest of small trees by working with doubly labeled trees rather 















than their original R6nyi trees. Furthermore, the procedure of decomposing 
a doubly labeled tree is similar to that of decomposing an ordinary rooted 
tree developed recently in [4]. Roughly speaking, a doubly labeled tree can 
always be decomposed into a forest of small trees in which some vertices 
inherit the marks of their original vertices. Let us make this precise by 
giving the following definition. 
DEFINITION 2.4 (Forest of Doubly Labeled Small Trees). Let V be a set 
of vertices and R be a special vertex not in V. A k-dimensional forest of 
doubly labeled small trees on V is a set consisting of a small tree with root 
R and leaf set W (W~_ V) together with some other small trees in which 
every leaf is marked by an integer 1 ~< j ~ k. 
Now we may say that any doubly labeled tree can be decomposed into 
a forest of doubly labeled small trees. In the decomposition given next, 
we need to add more vertices to the forest, and we shall use 1", 2", ... to 
denote those added vertices and call them starred vertices. As usual, by an 
internal vertex of a doubly labeled tree we mean a vertex which is not a 
leaf. Then we have 
THEOREM 2.5. There is a bijection between the set o f  k-dimensional 
doubly labeled trees on a set V with r internal vertices and the set o f  all 
forests F o f  doubly labeled small trees on { 1 *, 2", ..., (r - 1 )* } u V such that 
there are exactly r small trees in the forest F, there is no starred root in F, 
and the maximum starred vertex is a leaf o f  R. 
582a/63/1-2 
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Proof We construct explicitly a bijection between the two sets in the 
above theorem. The first part is the following procedure of decomposing a 
doubly labeled tree into a forest of doubly labeled small trees. 
1. Find the minimum vertex v of T such that every vertex covered by 
v is a leaf. 
2. Obtain a small tree with root v and with all its leaves, and retain 
the marks on these leaves. Then remove all the children of v in T and 
rename the vertex v by 1". If v is marked by an integer j, then mark the 
vertex 1" by the same integer j. 
3. Repeat the above procedure and subsequently use 2", 3* .... to 
rename the vertices encountered. Thus, we may eventually end up with a 
small tree with root R which contains the maximum starred vertex, where 
R is the root of T. 
It is clear that for any small tree in the above decomposition of T, if its 
root is not R, then all its leaves must be marked. Note that a starred vertex 
can also be marked; for example, (6*, 4) could be a leaf of a small tree. 
The reverse of the decomposing procedure goes as follows. First, we find 
the rooted tree with the smallest root i, denoted by Ti, such that no vertex 
of Ti is starred, and find another ooted tree containing the smallest starred 
vertex, say j*.  Then replace the vertex j* by the rooted tree Ti, namely, 
replace j*  by i (note that we should keep the mark if j *  is also marked) 
and keep all the subtrees of i as in T i. It is easy to prove that in every step 
we can always find a tree without a starred vertex, and a starred vertex is 
always a leaf. Therefore, we may repeat the above procedure in order to 
recover the original doubly labeled tree T. | 
For example, the doubly labeled tree in Fig. 2.2b can be decomposed 
into the forest illustrated in Fig. 2.3. 
COROLLARY 2.6. Let Rk(n, r) be the number of k-dimensional Rknyi trees 
with n vertices and r internal vertices. Then we have 
Rk(n , r )=(n -k ) r_k  ~ n -  -1  kn_k_ l _  i 
j=0  
xS(n -k -  1 - j ,  r -k ) ,  (2.1) 
where S(n - k - j -  1, r - k) is the Stifling number of the second kind. 
Proof Let T be any R~nyi tree on {1,2 ..... n} rooted at R- -  
{n-k+ 1, n -k+2 ..... n} with r internal vertices. Let T' be the doubly 
labeled tree representation of T. Clearly, T'  has r -k  + 1 internal vertices. 
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FIGURE 2.3 
In the decomposition of T'  into a forest of doubly labeled small trees, there 
are exactly r -  k small trees with marked leaves and a small tree with 
root R and unmarked leaves. Since r is fixed, there must be r -k  starred 
vertices among all the n -  k leaves in the doubly labeled forest. It is clear 
n- -k  that there are (r_ k) ways to choose these roots in the forest. Suppose there 
are j+  1 (j~>0) leaves in the small tree with root R. Since the maximum 
(n - -k - - l ]  starred vertex must appear as a leaf of this small tree, there are , a , 
ways to choose the other j leaves of R. Then we have to distribute the 
remaining n -k -1 - j  vertices to the r -k  small trees. Clearly, we have 
S(n-k - l - j ,  r)(r-k)! ways to do so. Note that we may mark any of 
these n -k -1 - j  vertices by any integer 1 ~ i ~< k, so there is a total of 
k" k 1-] ways to mark these n -k -  1 - j  leaves. Considering all possible 
values for d, we then have (2.1). | 
From the above corollary, we may easily deduce the formula (1.3) for the 
total number of R6nyi trees on n vertices: 
Rk(n) = ~ Rk(n, r) 
r 
j=O J 




=[k(n -k )+ l ] "  k J. 
Recall that the Stirling numbers atisfy the recursion 
]=okJ/ 
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Then for k = 1, we have the known fact that 
Rl (n  , r )= (n -  1)~_ I S(n- 1, r). 
Let us set 
Wk(m,r)= ~ (7)km-JS(m-j,r). 
j=O 
Then we have the following formula for We(m, r). 
PROPOSITION 2.7. We have 
(2.2) 
Proof 
operator and I is the identity operator, namely, Af(x)=(E-I)f(x)= 
f(x+ 1) - f (x ) .  It is well known that 
1 .L / r \  
(2.3  
Let A = E - - I  be the difference operator, where E is the shift 
Thus we have 
Wk(m , r) ~-- ~, (7)  km J z~rxm j
j=o r! [~=o 
=zJ---fr[ ~, (m) km-Jxm J] 
r! j=o J ~lx=o 
1 
r! Ar(kx + 1)mix=0 
1 & / r \  
=~,~o [,J) (-1)r-J E!(kx + 1)mix=o 
1 r ( : )  
=7, j~ ° ( -1)r - J (k J+ 1) m- ! 
m rxn 
A CODING ALGORITHM FOR RENYI TREES 19 
By the above proposition, we may have another expression for Rk(n , r): 
Rk(n,r)= r -k  j=o 
PROPOSITION 2.8. The numbers Wk(m, r) satisfy the recursion 
W~(m,r)=(rk+l)  Wk(m-- l , r )+kWk(m-- l , r - -1) .  (2.4) 
Proof Let jr(x) be the exponential generating function of Wk(m, r), i.e., 
X m 
Jr(x) = Y. Wk(m, r) ~. .  
m >~O 
By the generating function of S(n, r), 
x r (eX-- 1) r 
S(n'r) r! r~ '  
n~r  
it is easy to show that 
e~(e k~-  1)r 
jr(x) r! 
It can also be verified that 
f i r (x)= (rk+ 1)jr(x)+kfr l(X), 
which is equivalent o (2.4). | 
Note that (2.4) can be explained combinatorially as follows. Clearly, 
W~(m, r) can be interpreted as the number of partitions of the set 
{1, 2, ..., m} into r+ 1 blocks in which there is a distinguished block 
which may be empty, and every element in other blocks is marked by an 
integer 1 ~< j ~< k. Consider all possibilities for the element m to appear in 
a block. If m forms a single non-distinguished block, then there are 
kWk(m-- 1, r-- 1) such partitions since m can be marked in k ways. If m 
appears in the distinguished block, then there are Wk(m- 1, r) such parti- 
tions. Otherwise, m must be in a non-distinguished block with at least two 
elements. If we remove m from such a partition, we still have a partition 
with r non-distinguished blocks. Since m can be in any of these r blocks 
and can be marked in k ways, there are rk Wk(m- 1, r) such partitions for 
this case. Combining all the three cases, we then obtain (2.4). 
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Since Rk(n, r )=(n - -k ) r _k  W(n- -k - -1 ,  r -k ) ,  from (2.4) we have for 
Rk(n, r) the recursion 
(n - r) Rk(n, r) = (n -- k )[ (k(r - k) + 1) Rk(n -- 1, r) 
+ k (n -  r) R~(n-  1, r -  1)]. (2.5) 
The above recursion (2.5) can also be proved combinatorially by the 
doubly labeled tree representation of R6nyi trees. Let ~ be the set of all 
R6nyi trees with n vertices, r internal vertices, and a distinguished leaf. It 
is clear that the number (n - r) Rk(n, r) counts the R6nyi trees in ~. Also, 
we may count the trees in ~ in another way. Let T be any R6nyi tree in 
with v as the distinguished leaf, and let T'  be its doubly labeled tree 
representation. Since the root block of a R6nyi tree is a fixed block, we may 
have n -  k choices for the distinguished leaf. Clearly, v (possibly with a 
mark) is also a leaf of T'. Therefore, we may still have a doubly labeled 
tree T" by removing the vertex v from T'. Conversely, we may reconstruct 
T' from T" by putting v back. Then we have the following three cases for 
possible connections of v to the vertices in T": 
(1) v is joined to the root of T". 
(2) v is joined to a non-root internal vertex of T". 
(3) v is joined to a leaf of T". 
Note that T" corresponds to a R6nyi tree on n - 1 vertices. Moreover, for 
case (1) or case (2), T" corresponds a R6nyi tree with r internal vertices; 
and for case (3), T" corresponds to a R6nyi tree with r -  1 internal vertices. 
We now consider the number of ways to reconstruct T'  from T". For case 
(1), we have only one possible choice since the children of the root cannot 
be marked. For case (2), there are r -k  choices for a non-root internal 
vertex in T" and there are also k choices for the mark of v. So there is a 
total of k( r -k )  choices for case (2). The number of ways to reconstruct 
T'  for case (3) is k(n -  r) because we have n -  r choices for a leaf in T" 
and k choices for the mark of v. By adding up all these numbers, we may 
have (2.5). 
In a way similar to that for computing R~(n, r), R6nyi [12] considered 
the number Tr(n, r) of unrooted k-trees with n vertices and r leaves. 
He proved the following recursion by combinatorial arguments: 
rTk(n+ 1, r )= (n+ 1) [k (n -k - r+ 1)+ 1) Tk(n, r-- 1) 
+ rkT~(n, r)]. (2.6) 
Based on this recursion, he then derived an explicit formula for Tk(n, r) by 
means of generating functions: 
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Zk(n ,n - - r )=(~) (k ) r~k( r jk ) ( - -1 ) r -k - J ( j k÷ l )  n k 2. (2.7) 
j=o 
Next we establish the relationship between Tk(n, r) and R,(n, r). Let 
Xk(n, r) be the number of unrooted k-trees with n vertices and r internal 
vertices, namely Xk(n, r)= Tk(n, n -  r), and let Yk(n, r) be the number of 
R6nyi trees with n vertices and r real internal vertices; here a real internal 
vertex means a vertex which is joined to at least two k-complete graphs. It 
should be noted that a vertex in the root block of a Ranyi tree may not be 
a real internal vertex. As in the argument for the identity (1.1), we have the 
relation 
[k (n -k )+ 1] Xk(n,r)=(nk) Yk(n, r). (2.8) 
PROPOSITION 2.9. For n >~ k + 2, we have 
n-k(n R  n-l,r) 
Xk(n, r) = n -- r \ k J  (2.9) 
Proof Let T be a R6nyi tree on { 1, 2, ..., n } rooted at the block R = 
{n-k+ 1, n -k+2 ..... n}. We need to consider all possible R6nyi trees T 
such that there are exactly r internal vertices in T. Consider the doubly 
labeled tree representation of T, denoted T'. Since n ~> k + 2, we have the 
following two cases. 
(1) The degree of the root R in T' is greater than one. 
(2) The degree of the root R in T' is one. 
For case (1), every vertex in the root block R in T is a real internal vertex. 
Thus, the R6nyi tree T has a total of r internal vertices. For case (2), 
suppose u is the only child of the root R in T'. Since n ~> k + 2, u must have 
at least one child in T'. This leads to the following two subcases: 
(2.1) All the children of u are marked by the same integer. 
(2.2) The children of u are marked by different integers. 
For case (2.1), there is a vertex w in the root block of T such that w is not 
a real internal vertex of T. Hence T must have totally r ÷ 1 real internal 
vertices. By removing the vertex u and all the marks on the children of u 
in T' and then treating the children of u as children of the root R, we may 
obtain a doubly labeled tree on n -k -1  vertices whose corresponding 
R6nyi tree has n -1  vertices and r internal vertices. Thus, there are 
k(n -k )  R~(n- l , r )  R6nyi trees for case (2.1) because we have n-k  
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choices for the vertex u and k choices for the uniform marks of the children 
of u. 
For case (2.2), it is easy to show that every vertex in the root block of 
T is a real internal vertex. Therefore, T has totally r internal vertices. Let 
be the set of all R6nyi trees T with r internal vertices uch that T'  has 
root degree one, and let f¢ be the set of all R6nyi trees T such that T'  has 
root degree one and that all the children of the only child of the root in 
T'  have the same mark. Then the number of R6nyi trees for case (2.2) 
equals ]~1 - If¢]. Note that the union of the set ~ and the set of all trees 
in case (1) is the set of all R6nyi trees on n vertices with r internal vertices. 
As in case (2.1), we can show that 
If¢l = k(n - k ) Rk(n -- 1, r - -  1). 
Combining all the cases, we have 
Yk(n, r) = Rk(n, r) + k(n - k) Rk(n -- 1, r) 
- -k (n  -k )  Rk(n -  1, r - -  1). (2.10) 
By using the recursion (2.5) and the above identity we may obtain 
(n - r) Yk(n, r) = (n - k ) [k (n  - k) + 1 ] Rk(n -- 1, r). 
Hence (2.9) follows from the above identity and relation (2.8). | 
After the identity (2.9) is obtained, it is natural to expect a purely 
combinatorial proof. Let us rewrite (2.9) as 
(n - r )Xk(n , r )=(k) (n -k )Rk(n - l , r ) .  (2.11) 
We now give a bijective proof of (2.11) without using recursions. 
proof  2 o f  Proposition 2.9. Let ~ be the set of all unrooted k-trees on 
(1, 2, ..., n } with a distinguished leaf, and let f¢ be the set of all k-dimen- 
sional R6nyi trees on any n -  1 vertices out of { 1, 2, ..., n} which may be 
rooted at any k-block. Clearly, (n -1 )Xk(n ,  r) counts the trees in ~.  To 
count the trees in f¢, let us consider the number of ways for constructing 
a tree T in ft. First of all, we have (~) ways to choose the root block R of 
T; then we may choose one of the n -  k remaining vertices as the missing 
vertex; finally, after the root block and the missing vertex are chosen, T is 
just a R6nyi tree with n -  1 vertices and root block R. So the right-hand 
side of (2.11) counts the trees in ft. 
Now we need to establish a bijection between ~ and ~. Let T be any 
tree in ~- with a distinguished leaf v. Let W be the set of all vertices joined 
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to v. Since v is a leaf, W must contain k vertices. From the fact that any 
unrooted k-tree can be rooted at any k-block, we may choose the block W 
as the initial block in the construction of T. Since v is a leaf of T and 
n ~> k + 2, there must exist another vertex u which is also joined to every 
vertex in W. Let T' be the R6nyi tree with root block W obtained from T 
by removing v. Then it is clear that no vertex in W is a leaf of T and T' 
is a R6nyi tree in f¢. Conversely, given any tree T 'E  (¢ with root block W, 
we can find the vertex v~ {1, 2, ..., n} which is missing in T, and then join 
v to every vertex in W. Thus, we obtain a tree T in ~.  | 
By (2.1), (2.9), and the identity 
n-k  (n -k -1 ) r  k= , 
n- r  k! 
we have 
COROLLARY 2.10. For n~>k+2,  we have 
(n)r 
Xk(n, r) = ~ Wk(n - k - 2, r - k). (2.12) 
For k= 1, we have noted that Wl (n -3 ,  r -  1 )=S(n-2 ,  r). Therefore, 
the above formula (2.12) implies the known fact Xl(n, r) = (n)r S(n - 2, r), 
or equivalently, Tl(n, r) = (n)n r S(n - 2, n - r). Note that R6nyi's formula 
(2.7) for Tk(n, n - - r )  follows from (2.12) and (2.3). 
By the recursion (2.4) for W(m, r), we may deduce the recursion 
(n + 1 - r) Xk(n + 1, r) 
= (n + 1) [ (k ( r -k )  + 1) Xk(n, r) +k(n  + 1 - r )  Xk(n, r -  1)3. 
Clearly, this is equivalent o Ranyi's recursion (2.6). 
Now, we give a correspondence between R+nyi trees and sequences by 
the small tree decomposition of a doubly labeled tree. Let 
A , ,~- -{ ( i , j ) l l<~i<~n-k , l<~j<.k} ,  
and let A',.k = A,,k w {R}, where R stands for the special root. 
COROLLARY 2.1 1. There is a bijection between the set of  all k-dimen- 
sional Rdnyi trees on n vertices and the set o f  all sequences of  length 
n -k -  1 over the alphabet A',,k. 
Proof. Let T be a doubly labeled tree and F be the corresponding forest 
of small trees. Let U be the set of all leaves in F except for the maximum 
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starred vertex, and let alaE. . .an k-1 be the sequence of all vertices in U 
listed in increasing order, where we assume that a starred element is always 
bigger than an unstarred element. Let be be the root of ae in F. Now we 
construct he sequence AIA2 . . .An  k-1 as follows. If be is the root R, then 
set A e = R; otherwise, set Ae= (be, j), where j is the mark of ae. To recover 
a doubly labeled forest F from a sequence A1A 2 . . .An_k_1 ,  we may first 
determine the root set, then add a certain number of starred vertices and 
make sure that the maximum starred vertex is a leaf of R. For the other 
n-k -1  leaves, we may arrange them in increasing order, say 
a la2 . . .a , _k_ l .  Finally, we may construct he forest F by setting ae as a 
leaf of Ae and pass the mark of Ae to ae if Ae contains a mark. | 
For example, the code of the doubly labeled tree in Fig. 2.2b is 
(6, 3) (1, 2) (6, 2) (1, 3) R (3, 1). 
Given a R6nyi tree T with root block R, let T'  be the corresponding 
doubly labeled tree of T. We define the degree of R as the degree of R in 
T', and similarly, the degree of a non-root vertex u in T is defined to be 
the degree of u in T'. Since the maximum starred vertex is always a leaf of 
the special root R in the small tree decomposition and it is not listed in the 
above coding, we have 
COROLLARY 2.12. For n >~ k + 1, we have 
Z ud-IYdI~I . . . .  ~n-kd' -k=(u+kxl+kx2+ ... +kx ,  k) ~ k 1, 
T 
where the sum ranges over all Rknyi trees on { 1, 2, ..., n }, and d denotes the 
degree of  the root and de denotes the degree of  the vertex i. 
Moreover, we may have the following formula due to Moon [9]. 
COROLLARY 2.13. The number of  k-dimensional Rknyi trees on n vertices 
with root degree d equals 
n-k -  [k(n- (2.13) ( d_l 1) k)] ~-~-~. 
Proof  Let T be a doubly labeled tree on n - k vertices with root degree 
d. In the small tree decomposition of T, the degree of the root R is still d 
and the maximum starred vertex is a leaf of R. Let L = a la2 . . .an_k_  1 be 
the code of T'  as in Corollary 2.11. Then there are d -  1 occurrences of R 
in L and there are ("~k_T1) choices for the positions for R. For the other 
n-k -d  positions, we can place any letter in the alphabet An,k. This 
completes the proof. | 
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